A three-component generalization of Camassa-Holm equation with peakon solutions is proposed, which is associated with a 3 × 3 matrix spectral problem with three potentials. With the aid of the zero-curvature equation, we derive a hierarchy of new nonlinear evolution equations and establish their Hamiltonian structures. The three-component generalization of Camassa-Holm equation is exactly a negative flow in the hierarchy and admits exact solutions with N -peakons and an infinite sequence of conserved quantities.
Introduction
In the theory of water waves, a lot of integrable equations are derived to model wave propagation in water of variable depth. For instance, in shallow water theory, one of the most famous models is the Korteweg-de Vries equation. In 1976, Green and Naghdi obtained a system of water wave equations to describe fluid flows in shallow water [27, 1] . Then with the aid of an asymptotic approximation to the Hamiltonian for the Green-Naghdi equations, Camassa and Holm derived the celebrated Camassa-Holm (CH) equation m t + qm x + 2q x m = 0, m= q − q xx + κ, (1.1) as a model for shallow water waves in [7] (see also the alternative derivations in [31, 14] ). Eq. (1.1) was first obtained in [24] as an abstract bi-Hamiltonian equation with infinitely many conservation laws. Subsequently a number of research areas on Eq. (1.1) have been conducted. For example, it is shown that the CH equation is integrable by the inverse scattering transformation, it possesses the Lax pair formalism, multi-soliton solutions, algebro-geometric solutions and other remarkable properties of integrable equations [8, 21, 16, 22, 17, 19, 10, 13, 35, 32, 34, 38, 25, 26] . The most attractive character of the CH equation is that in the case κ = 0, it admits peaked soliton solutions which are also called peakons and have been of great research interest [5, 40, 39, 3, 4, 18, 36, 37, 29, 30] . The peakons replicate a feature that is characteristic for the waves of great height -waves of largest amplitude that are exact solutions of the governing equations for water waves [11, 41, 12] . In addition, for the CH equation it is known that the peakons are orbitally stable, in the sense that their shape is stable under small perturbations and therefore these wave patterns are detectable [15] . Recently, a two-component generalization of the CH equation has been proposed [9, 20] and it has bi-Hamiltonian structure and multi-kink solutions [9, 20, 2] . In Ref. [23] , a three-component extension of the CH equation from the first nontrivial flow of the CH hierarchy was discussed by means of a bi-Hamiltonian reduction.
In this paper, we propose a three-component generalization of the CH equation with N -peakon solutions
which can be reduced to the CH equation as u = w = 0. It is easy to see that this reduction consists in an appropriate scaling of the variables (x, t). We first introduce a 3 × 3 matrix spectral problem with three potentials, from which a hierarchy of new nonlinear evolution equations is derived and the first typical member is
Then the Hamiltonian structures for this hierarchy are constructed by using the trace identity. It is shown that the three-component generalization of the CH equation (1.2) is exactly a negative flow in the hierarchy and admits N -peakon solutions of the form
where p j , q j , r j and x j evolve according to a dynamical system. Moreover, the infinite sequence of conserved quantities for the three-component generalization of the CH equation (1.2) are obtained.
We arrange this paper as follows. In Section 2, a 3 × 3 matrix spectral problem with three potentials is introduced. Resorting to the stationary zero-curvature equation and Lenard recursion equation, we lead a hierarchy of new nonlinear evolution equations and establish their Hamiltonian structures. In Section 3, we present a Lax pair of the three-component generalization of the CH equation, which is just a negative flow in the hierarchy. Then the N -peakon solutions of the three-component generalization of the CH equation and the associated dynamical system are obtained with the help of the distribution approach. Finally, the infinite sequence of conserved quantities for the three-component generalization of the CH equation is constructed.
Nonlinear evolution equations and their generalized Hamiltonian structures
In this section, we first introduce a 3 × 3 matrix spectral problem
where u, v, and w are three potentials, and λ is a constant spectral parameter. In order to generate a hierarchy of nonlinear evolution equations from the spectral problem (2.1), we solve the stationary zero-curvature equation
which is equivalent to
where each entry
is a function of A, B, C and D:
3) yields equations
Functions A, B, C and D are expanded into Laurent series in λ: 6) and substituting (2.6) into (2.5) yields the Lenard recursion equation
where G j = (A j , B j , C j , D j ) T , K and J are two operators defined by
It is easy to see that
To find a general representation of solutions of (2.7), we introduce two special Lenard recursion equations:
with conditions to identify constants of integration as zero when acting with operator J −1 upon Kg j or Kĝ j . This means that g j andĝ j are uniquely determined by the recursion equations (2.11) and (2.12) up to a term α 0 g 0 +α 0ĝ0 , which is always assumed to be zero. It is easy to verify that (2.7) has a special solution
where c 0 andĉ 0 are arbitrary constants of integration. Let φ satisfy the spectral problem (2.1) and an auxiliary problem
where each entry V (m) ij
Then the compatibility condition of (2.1) and (2.14) yields the zero-curvature equation,
, which is equivalent to the hierarchy of nonlinear evolution equations 
The first nontrivial member in the hierarchy (2.16) is as follows
which is reduced to (1.3) for c 0 = − 20) with the help of (2.6) and equating the coefficients of the same powers for λ. It is easy to see that γ 1 = −1 and γ 2 = − 
N -peakon solutions and conservation laws
In this section, we shall derive the three-component generalization of the CH equation with Npeakon solutions and its infinitely many conservation laws. Assume that φ satisfies the spectral problem (2.1) and the following auxiliary problem
where 
which is exactly the three-component generalization of CH equation (1.2). Noticing the structure of (1.2), we can deduce its N -peakon solutions
In fact, if p, q and r take the form as in (3.4), then as x = x j (t), 1 j N , it can be verified that p, q and r satisfy that p − p xx = 0, p xx r x − r xx p x + 3p x r − 3pr x = 0, r xx − r = 0, which means that p, q and r given in (3.4) satisfy (1.2) with the help of (3.2). As for x = x j (t), the equations in (3.4) have to be interpreted in the weak sense [33, 28, 6 ]. Then we have
According to the definition of the signum function sgn(x) and the expressions in (3.5), the equations in (3.4) have discontinuous first derivative, they cannot satisfy (1.2) in the classical sense. Therefore, in the weak sense we can write out the expressions of u, v and w in (1.2) with the help of distribution:
Without any loss of generality, we suppose that x j < x k , as j < k. Substituting (3.4), (3.5) and (3.6) into (1.2) and integrating against test functions at x = x j (t), we can obtain that p j , q j , r j and x j evolve according to the following systeṁ 
Therefore functions p, q and r determined in (3.4) are N -peakon solutions of (1.2) if p j , q j , r j and x j satisfy the dynamical system (3.8).
In the following, we shall derive infinitely many conservation laws of (1.2). We first eliminate φ 1 and φ 2 from (2.1) by writing the column vector φ in components as φ = (φ 1 , φ 2 , φ 3 ) T to get a single equation for ψ = φ 3 Substituting the expansions (3.16) into (3.10) and (3.11), one must solve a second-order differential equation to obtain each nontrivial density in this sequence, which leads to increasingly nonlocal expressions in p, q, r, u, v and w. For brevity, we omit the recursion relations forρ (n) andθ (n) .
